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This work offers an extension of the deformation procedure introduced in field theory to the case 
of standard cosmology in the presence of real scalar field in flat space-time. The procedure is shown 
to work for many models, which give rise to several different cosmic scenarios, evolving under the 
presence of first-order differential equations which solve the corresponding equations of motion very 
appropriately. 
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I. INTRODUCTION 

The recent discovery of cosmic acceleration 0, S|, Q 
has brought to the stage one the main mysteries of mod- 
ern cosmology. Named dark energy, it amounts to al- 
most 70% of the total energy of the universe to cause 
the present cosmic acceleration. According to the re- 
cent understanding [1 13, 0, HI , one of the main fuel 
of the cosmic acceleration is quintessence [3, [13, EH, EH , 
which in standard Friedmann-Robertson- Walker (FRW) 
cosmology may be described by real scalar fields. 

The presence of acceleration has raised a great deal 
of interest in cosmology driven by scalar fields, wel- 
coming the construction of new cosmological models. 
Among the several possibilities, which are reviewed in 
Refs. H H, [3, 0, H|, we are mainly interested in FRW 
cosmology driven by real scalar field with standard dy- 
namics. In particular, the specific aim of the present 
work is inspired in the very interesting investigation con- 
cerning the accelerated expansion of the Universe done 
in Ref. [t|. 

Before going into the main issue, however, let us re- 
call another line of investigation which develops alter- 
native methodology. In the recent work [l4[ some of 
us have turned attention to FRW models described by 
real scalar fields, focusing on inspecting Einstein's equa- 
tion and the equation of motion for the scalar field in 
a very direct way, considering models described by real 
scalar field in generic space-time, displaying the usual 
spheric, flat or hyperbolic spatial profile. The pioneer 
investigations show how to obtain first-order differen- 
tial equations which solve the corresponding equations 
of motion, for cosmology in general spherical, flat or hy- 
perbolic geometry. The presence of first-order equations 
was then extended to brane in ITSl . and this has also 
been explored in Refs. [13, [Tt], Il8| in several contexts, 
including the case of brane with a single extra dimen- 
sion, which has also appeared in the former investiga- 
tions [H S3, EJIH Ha, El 111- Evidently, the presence 
of first-order equations ease the process of solving specific 
models, finding analytical solutions which can be used to 
fully understand the related cosmic evolution. 



The first-order formalism offers an interesting way to 
investigate FRW models in standard cosmology. In the 
present investigation our main motivation is to use the 
first-order formalism to extend the deformation proce- 
dure of Ref. [13] to modern cosmology. We believe that 
the possibility of deforming the cosmic evolution of some 
standard model will certainly lead to new possibilities of 
investigation, contributing to improve the present view 
of the subject. Indeed, in some recent works [27ll28| one 
has shown how to extend the deformation procedure of 
Ref. [13] to several other scenarios, including the Randall- 
Sundrum braneworld scenario [291 ] described by warped 
geometry with a single extra dimension of infinity extend, 
and these results may help us to further enlarge the defor- 
mation procedure to the case of braneworld with internal 
structure, as investigated for instance in Refs. [30L f3lj| . 

The key motivation for the present work has appeared 
after the work [13], which deals with FRW cosmology 
driven by real scalar field. The scalar field model is driven 
by some potential V = V(<f>). In this case, if the scale fac- 
tor a(t) is known, the potential V{t) and the field <f>{t) 
are also known [I3]. Thus, if one inverts t — t(cf>) we 
can write V — V(4>). The lesson to learn here is that 
the cosmic evolution determines the potential. This is 
a very nice result, and we can use it together with the 
deformation procedure of Ref. [26| . which introduces a 
direct approach to relate different models, described by 
different potentials. There we learn how to get from V{<j>) 
to another potential, the deformed potential V ((/)). Thus, 
if we relate V((j>) to a(t), then we can also relate V((f>) 
to a(t), and so we can relate a(t) to a(t). This is the 
deformation procedure, now extended to the cosmic evo- 
lution. As we show below, it works nicely for standard 
FRW cosmology in flat space-time, for models described 
by first-order differential equations. 

To make the deformation procedure effective, for sim- 
plicity we deal with flat geometry, that is, we consider 
the line element 



ds 2 =dt 2 -a 2 (t)[dr 2 + rW] 



(1) 



where a(t) is the scale factor, and we also use H — a/ a 
to describe the Hubble parameter. This is the standard 
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scenario, and now we include scalar field model with a 
single real scalar field. In this case, the Einstcin-Hilbcrt 
action is given by 



d 4 x 



1 



R + C(</>, d M <f>) 



(2) 



where <j> describes the scalar field and we are using 
AnG = 1. In general, the energy-momentum tensor is 
given by T^ v = diag{p, —p, —p, —p), where p and p rep- 
resent energy density and pressure. We use Einstein's 
equation to get 



H 2 = -p 

a 1 , 

- = -x(p + 3p 

a 3 



(3a) 
(3b) 



The equation of motion for the scalar field depend on 
C{4>, dfj,(p), which has the standard form 



II. FIRST-ORDER EQUATIONS 

Before going to the subject we want to explore in the 
present work, let us firstly review the main steps of the 
first-order formalism put forward in Refs. [TJ, fl7j [ . In 
FRW cosmology, it is the standard view that the scale 
factor, the scalar field and the Hubble parameter are 
all functions of the time evolution, that is, a = a(t), 
4> = <fi(t), and H — H(t). Also, from Einstein's equation 
we need to see the potential as a function of time too. 
However, from the equation of motion for the scalar field 
we have V = V(</>), which shows the potential as a func- 
tion of the scalar field. Thus, to make these two views 
equivalent we can also think of the Hubble's parameter 
as a function of the scalar field. This is the key point, 
and we make it very efficient with the introduction of a 
new function — W — W(<p) — from which we can now 
understand that the Hubble parameter depends on time 
as a function of W[(/>(t)]. 



(4) 



The energy density and pressure that account for the 
scalar field model are given by 



P = \fi + v, P = l -tf-v 



(5) 



and the equation of motion for the scalar field is given by 

(6) 



3^ + ^=0 

dq> 



We use the energy density and pressure to rewrite 
Eqs. ([3]) in the form 



H=-c 



1 



+ 3 V 



(7a) 
(7b) 



As one knows, the above Eqs. (J6j> and (O constitute the 
equations that we have to solve in the case of FRW cos- 
mology driven by scalar field with standard dynamics in 
flat space-time. 

In this standard scenario in cosmology the deforma- 
tion procedure that we develop below may have connec- 
tions with other interes ting investigations. Some direct 
issues concern Refs. (32l.l33l|: in the first case, in Ref. [HJ 
one investigates the generation of new solutions from 
existing solutions, taking advantage of the presence of 
invariances of Einstein's equations in FRW models de- 
scribed by a single real scalar field in flat space-time; in 
the second case, in Ref. [33| one deals with cosmological 
reconstruction of scalar field potential and dark energy. 
These investigations introduce new motivations and en- 
large our interest in the subject. 



A. The formalism 

To make the above reasonings formal, we introduce 
W = W{<f>) such that the mathematical expression which 
follows can be written as 



H = W(<f>) 



(8) 



This is a first-order differential equation for the scale fac- 
tor. It allows obtaining another equation, involving the 
scalar field, in the form 



(9) 



where stands for dW/dcj). These Eqs. © and © 
imply that the potential has to have the form 



v = \w 2 \wl 



(10) 



This procedure in flat space-time is similar to the 
Hamilton- Jacobi approach of Ref. [36| . If instead of the 
deceleration parameter, we define q = da/ a 2 as the accel- 
eration parameter, we get q = 1 + H/H 2 . For the above 
model, the acceleration parameter has the form 

wl 
w 2 



1 <p 
1 = 1 -T772 



(11) 



The energy density and pressure are given by, respec- 
tively 

P{t) = \w 2 , p (t) = W 2 ~\w 2 (12) 

and now we can write the equation of state u> = p/p in 
the form 



= 2_Wl 
W 3W 2 



1 



(13) 



It is not constant, and from Eqs. (|11[) and (|13[) we see that 
for an accelerated expansion we must have u> < —1/3. 
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B. An example 

We illustrate the above results with some examples. 
Firstly, we take 

W = A(j> n + B (14) 

where A and B are real parameters. This leads to models 
defined by the potentials: 

V(cj>) = ^ [A 2 <f> 4 + 2AB0 2 + B 2 ] ~2A 2 ^ 2 (15) 

for n = 2, and 

V(<t>) = | [A 2 ^ + 2ABr + B 2 ] - (16) 

for n 7^ 2. For these models, the set of Eqs. ([6]) and ([7]) 
are solved by 

4>(t) = er 2A \ for n = 2 (17) 

4>(t) = {An(n-2)t}^, for n^2 (18) 
and the Hubble parameters 

H(t) = Ae- 4At + B, for n = 2 (19) 

H(t) = A[An(n-2)t]^ +B, for n^2 (20) 
These results allow obtaining the scale factors 

f A(2 - n)\An(n - 2)}^ 2 \ , , 

a(t) = cxp — i J - y —^ t~ + Bt I (21) 

for n 7^ 2, and 

a(t) = exp (-^e- AAt + B?j , for n = 2 (22) 

Here we need to pay attention to Eqs. ([TBI) . (|20[) and ([2"T]) 
when we choose n / 2, since it is necessary to adjust n 
and A to make all quantities real. We see that the scale 
factor in Eq. (|21[) leads to intermediate inflation, an issue 
set forward in Ref . [34[ . 

In the above results, we consider the case for n = 2. 
In this case, A can be positive or negative. We first 
restrict our attention to the case A positive, and in Fig.[T] 
we plot both the scale factor a and Hubble's parameter 
H for some choice of parameters. Here we have three 
distinct sub-models: for B = the universe expands, 
asymptotically approaching the static scenario; for B > 
the universe expands eternally and for B < the universe 
turns from a expanding phase to contraction. In late 
times, all the models behave according to e Bt , that is, 
evolve to a de Sitter universe. For A < 0, the value of 
B does not qualitatively change the evolution, which is 
now similar to the former case, for A > and B < 0. 
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FIG. 1: The scale factor a (upper panel) and the Hubble's 
parameter H (lower panel) are plotted for A = 5, and B = 
(dotted line), B = 1 (thick line), and B = — 1/4 (thin line). 

The energy density and pressure are given by 

p{t) = *-[Ae-^ + B] 2 (23) 

p(t) = 4A 2 e- 4At - I [Ae- iAt + B] 2 (24) 

In Fig. [2] we plot the energy density p and pressure p. 
Again, if we restrict our attention to the case A > 0, 
we can see that: for B = the energy density and pres- 
sure are always positive, decreasing to zero asymptoti- 
cally. For B > the pressure is initially positive and it 
decreases asymptotically, going to a negative constant, 
while the energy density starts positive, decreases to its 
minimum (p — 0) and increases getting asymptotically to 
a positive constant. This case connects two distinct sce- 
narios, with different matter contents. Finally, for B < 0, 
pressure and energy density behave similarly, as in the 
case with B = 0. If A < 0, the energy density increases, 
independently of the value of B, becoming exponentially 
infinity at later times; for the pressure, it decreases get- 
ting asymptotically to the negative infinity exponentially. 
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FIG. 2: The energy density p (upper panel) and the pressure 
p (lower panel) for A — 5, and B = (dotted line), B = 1 
(thick line), and B = — 1/4 (thin line). 



o,i 0,2 () 3 n c 




FIG. 3: The acceleration parameter q(i) (upper panel) and 
the to parameter (lower panel) for A = 5, B — (dotted line), 
A = 5, B = 1 (thick line) and A = 5, B = -1/4 (thin line). 



The acceleration parameter in this model is given by 

2Ae~ 2At 



Q= 1 



(25) 



In Fig. [3] we plot the acceleration parameter q and u>. In 
general, for A > and with i? = the cosmic evolutions 
are always desacelerated with u> > 0; with i? > two 
phases are possible: one, decelerated, followed by another 
phase, accelerated, with lo starting in a positive value and 
ending in a negative one. In the last case, with B < 0, 
both q and u> may diverge, when the energy density goes 
to zero and the pressure has a finite value. 



C. Another example 

We now introduce another example, described by 

W = A cosh (B4>) (26) 



where A and B are real parameters. This choice leads to 
the potential 

1/(0) = ^A 2 cosh 2 (B(j>) — ^A 2 B 2 sin 2 (Bcj)) (27) 

Similar potential was suggested to describe quintessence 
and dark matter in the work 35]. For the present poten- 
tial, the set of Eqs. ([6]) and ([7]) are solved by 



1 / , ( ABH 
<t>(t) = -lnftanhj— - 



and the Hubble's parameter has the form 

' AB 2 t 



H(t) = A cosh ( In ^tanh ^ } 



The scale factor becomes 
( AB 2 t 



a(t) = 



tanh 



-, -l/B 2 



-1 



V 2 

We see from Eq. (gSJ that A > 0. 



tanh 



( ABH 



(28) 



(29) 



l/B 2 



(30) 
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For this new case, we plot in Fig.[4]the scale factor and 
Hubble's parameter for some choice of parameters. The 
scale factor for B 2 = l/n with n even is always positive 
and increasing, and for n odd, it is negative, decreasing, 
and in both cases the evolution is accelerated, with the 
Hubble parameter positive, decreasing asymptotically to 
a constant value. This model appears to evolve from 
a initial singularity, somehow similar to the Big Bang 
model. In late times, we can see from the Hubble param- 
eter that the cosmic evolution leads to de Sitter geometry. 



(/ / AB 2 t 

In ( tanh ( — — 



(33) 



In Fig. Owe plot the acceleration and w. We notice that 
u> varies in the interval < uj < — 1, going to —1 asymp- 
totically, as it happens to be the case of FRW cosmology 
with cosmological constant Q. 




FIG. 4: Plots of the scale factor a(t) (upper panel) and Hub- 
ble's parameter H(t) (lower panel) for A — 2, B 2 = 1/4 (thick 
line) and A = 3, B 2 = 1/3 (dotted line). 



q(t) 




w(t) 




FIG. 5: The acceleration parameter q(i) (upper panel) and ui 
(lower panel) for A = 2, B 2 = 1/4 (thick line) and for A = 3, 
B 2 = 1/3 (dashed line). 



III. THE DEFORMATION PROCEDURE 



In this new case the acceleration parameter has the 
form 



/ / ( AB 2 t 
= 1 - B 2 tanh ( In ( tanh f - 



and the energy density e pressure are given by 



,s 3 a2 , /, / , ( AB 2 t 
p(t) = -A 2 cosh (In I tanh I — - — 



(31) 



(32) 



The now turn attention to the deformation procedure 
introduced in Ref. [2(| . The idea is to bring the method- 
ology behind the deformation procedure to FRW cos- 
mology, with the motivation that since the deformation 
change the original scalar field model, in the cosmologi- 
cal scenario it will also change the cosmic evolution. The 
approach may then be used to find families of soluble 
cosmological models, driven b y a single real scalar field. 

We follow the original work [26[ , but now we start with 
the Einstein-Hilbert action ([2|). We deform the scalar 
field using cf> = /(</>), with / being the deformation func- 
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tion, a real function of the new field <f>. We suppose that 
/ : R — * R is bijective, thus invertible and differentiable. 

For each model represented by the potential V (<{>), giv- 
ing by (flU)) and having solutions <f>(t) and H(t) satisfying 
Eqs. © and ([9]), and thus Eqs. © and ([7]), we can in- 
troduce another model, the deformed model, which is 
described by the deformed scalar field and is defined by 



with 



V{4>) 



w 



lw 2 - \w 2 ~ 

2 2 <t> 



? W(</>) 



df/d<f> 



(34) 



(35) 



The key point of the deformation procedure is that if 
<p(t) and H(t) = W(<p(t)) solve the the original model, 
then the deformed model is solved by <p(t) = f~ 1 [ <j>(t) ] 
and Hit) = W[</>(i)], for / _1 being the inverse of /. 

A. An example 

We illustrate the above result with some examples. 
Firstly, we consider the model defined by Eq. (fT4"|) and 
the deformation function /(</>) = ln</>. This leads to a 
new model described by the deformed potential 



V 



3^ 
2 

1 



Wiln(^)" 1 



n — 1 



-A 2 n 2 ln(0) 



where 

W n =n 
for n > 2, and for n = 1 



(36) 



+ C n (37) 



Wi = -Aft 



(38) 



For this model, from Eq. (fTT|) the deformed field is ob- 
tained as 4> — exp(0); thus, we can use Eq. (I17j) to write 



,[iln{n-2)t]' 



n^2 



4> 2 {t) = e e ~ n = 2 

The Hubble parameter has the following form 
1 



(39) 
(40) 



H n (t) = - n Ae 2[An{n ' 2)t]2 ' n [An(n - 2)*]*=* + 



1 



n(n - l)W n -i + C n n + 2 



and 



JIM,) =Ae 2 *- 2At (e~ 2At -\ 



C 2 n = 2 



(41) 



(42) 



and the acceleration parameter gets to 
2A01n(0) V 



« 2 (*) = 1- 



and 



Aft(\n{4,)-l) + C 2 



for n = 2 (43) 



TV 2 

q n (t) = l-n 2 j± for n^2 

where we have set 

Ni = 2^Aln(0)("- 1 ) + (n- l)^ln(^)("- 2 ) + 

Mn-l 



(44) 



-(n-1)- 



(45) 



and 



iV 2 = nAft ln{4>) {n -V - n (n - l)W n -i +2C n (46) 





FIG. 6: Plots of the Hubble's parameter H(i) (upper panel) 
and the acceleration parameter q(t) (lower panel) for A = 1, 
C 2 = —1 (dashed line), and for A = 1/2, C 2 = 1 (thick line). 

In this case, we could not obtain analytic expressions 
for the scale factor and so we use H and q to analyze 
the above cosmic evolution; they are plotted in Fig. ©. 
We see from Fig. ^ that the constant C 2 can be used 
to make q(t) divergent. 
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B. Another example 

Here we introduce another example, described by the 
function W — Acosh(Bcj)) + D. And also, we use the 
deformation function f((j>) = -g In (tanh (E sinh (Bcj>))). 
A, B, D, and E are real parameters. In this case the 
new model is represented by the deformed potential 



~ 3 / A 
V= — \D — — arctan(e i 
2 V E 



1 



A 2 B 2 



(47) 



&E 2 cosli (£0) 
and from the inverse of the deformation function we have 



1 . , ( ABH 
= — arcsinh — — — 
B \ 2E 



The deformed Hubble parameter is given by 
A ( ABH + Ey/AE 2 



H(t) = — — arctan 
E 



and the deformed scale factor is 



A 2 BH 2 



a{t) = exp 



At 

-—arctan 
E 



2E 



AB 2 t + N 3 
2E 



Wt 



where we have set 

N 3 = (AE 2 + A 2 B 4 t 2 ) 1/2 



(48) 

I- D 

(49) 

) 

(50) 
(51) 



In Fig. [7] we plot the scale factor a(t) and the Hub- 
ble parameter H(t), for some choice of parameters, with 
D 0. We see that the behavior of the scale factor 
follows three generic possibilities: increasing, increasing- 
decreasing, and decreasing. The Hubble parameter, how- 
ever, decreasing in these cases, getting to a positive or 
negative constant asymptotically. This model has an in- 
teresting feature, related to the many distinct scenarios 
available from the many specific choice of parameters. 
We notice, however, that there is no cosmic evolution 
with initial singularity, as it happens with the Big Bang 
model. 

In the present case, the acceleration parameter gets to 
the form 



5 = 1 



A 2 B 
AE 2 



2 r 



N4 cosh ( arcsinh 



( AB 2 t 
V 2E 



where we have set 
A 



N 4 



E 



-arctan e 



rcsi„h(4f#i) 



D 



Also, the energy density and pressure are given by 
pit) = ^ (d — -^arctan ^ e arcsinh ( ie t 



(52) 



(53) 



(54) 



A 2 B 2 



4 £2 cosh 2 ( arcsinh (^t)) 
These quantities can also be examined similarly. 



- m (55) 





FIG. 7: The scale factor a(t) (upper panel) and the Hubble's 
parameter H(t) (lower panel) for A = —1/2, B — 3, D = 1/2, 
E = 1/2 (thin line), A = -1/2, B = 3/2, D = -1/2, E = 1/6 
(thick line), A = 1/2, B = 6, D = -1/2, E = 2 (dotted line). 



IV. ENDING COMMENTS 

In this work we have revised and included new exam- 
ples of the first-order formalism put forward in Ref. [l4| • 
We did this in the simpler case of flat space-time, to 
provide the cosmological scenario needed to implement 
our key idea, of bringing to the cosmological scenario the 
methodology behind the deformation procedure put for- 
ward in Ref. 26] in the absence of gravity. 

The main results of the present work show that the de- 
formation procedure can be nicely implemented for FRW 
models driven by scalar field under the first-order formal- 
ism, which helps significantly the search for analytical 
solutions. As we have shown, the deformation procedure 
introduced in this work may lead to new and interesting 
scenarios, obtained from simpler models of FRW cosmol- 
ogy. In general, we can deform an expanding model into 
another, expanding or contracting model. These possibil- 
ities depend not only on the deformation function, but 
also on the parameters which control the model to be 
deformed. 
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The present methodology may be used to investigate 
several interesting issues, in particular the case in which 
the cosmic evolution occurs in closed, flat or open geom- 
etry, for scalar field evolving under standard or tachy- 
onic dynamics. Another issue concerns the use of the de- 
formation procedure for models in which the equations 
of motion cannot be reduced to first-order equations. 
The investigations will certainly enlighten the relation 
between the deformationprocedure and the approaches 
introduced in Refs. [13, HH . These extensions and other 
related issues are presently under consideration, and we 



hope to report on them in the near future. 
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